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ABSTRACT

We consider the explicit connection between linear
representations of supersymmetry and the nonlinear
realizations associated with the generic effective
Lagrangians of the Volkov-AKkulov type. We specify and
iliustrate a systematic approach for deriving the
appropriate phenomenological Lagrangian by transforming a
pedagogical linear model, in which supersymmetry is broken
at the tree level, into 1its corresponding nonlinear
Lagrangian, in close analogy to the linear ¢ model of pion
dynamics. We discuss the significance and some properties

of such phenomenological Lagrangians.
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I. INTRODUCTION

A realistic theory empléying supersymmetry principles
should ultimately include a.satisfactory treatment of the
breaking of supersymmetry. A great deal of work has been
devoted to the study of models for supersymmetry

1.2 the super-Nambu-Goldstone mechanism,2 low

breaking,
energy theorems,3 and considerations of dynamical schemes.4
Moreover, the universal nonlinear realizations
characteristic of broken supersymmetry and their Lagrangians
were constructed .early on in the development of the

'6

theory.5 Specifically, Veolkov and Akulov5 have introduced
the nonlinear supersymmetry transformation laws and
Lagrangians involving the massless Goldstone fermion
associated with the process, as well as its general coupling

to spectator fields (which do not play a Nambu-Goldstone

role in the theory) of arbitrary spin and multiplicity.
Ivanov and Kapustnikov7 have extended this construction
by providing transformation laws which connect linear
representations with the nonlinear realizations of
supersymmetry, in the framework of the classic general
discussion of coset realizations by Coleman, Wess and
Zumino.8 (Since, in most respects, the concepts involved
were introduced a dozen years ago in the context of chiral
dynamics,s'9 we will be outlining direct analogies to soft

pion physics and the sigma model10 where appropriate.)
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Ro&ekll has provided examples of constraining the

fields of linear theories to eliminate all spectator fields
and then reexpressing these systems into that Volkov-Akulov
Lagrangian which involves only the Goldstone spinor--this
corresponds to eliminating the ¢ field in the nonlinear
sigma model to derive the nonlinear m Lagrangian.

Nonetheless, it should be interesting to retain all of
the original degrees of freedom in a given linear,
renormalizable theory and to fashion it into its egquivalent
nonlinear, nonmanifestly rencrmalizable, effective
Lagrangian of the Volkov-Akulov type, by pruning out only
the superfluous fields present. This effective Lagrangian’
should be equivalent to the original one, and, in the
framework of broken supersymmetry, it should produce the
same tree level S-matrix amplitudes. In this paper we
provide computational status to this program and illustrate
our procedure on a simple prototype model which retains all
the essential features of the general case.

Phenomenological Lagrangians isolate the Goldstone

'Y and

degrees of freedom in a system with broken symmetry
generally provide a heuristic guide to its low energy
behavior. For instance, in the case of chiral symmetry
breaking, effective Lagrangians summarize the low energy
structure derivable from current algebra. An example of
their relevance in broken supersymmetry is the interesting

suggestionlz that, if quarks and leptons were to be

considered as composite objects, they could be protected
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from —acquiring too high a mass by the Nambu-Goldstone
mechanism. Specifically, the observable fermions could be
thought of as pseudogoldstone fermions of dynamically broken
supersymmetry, taking their relatively small mass from a
weak explicit breaking of supersymmetry associated with the
low energy gauge interactions--an analogue of the
pseudogoldstone feature of the pion in chiral symmetry
breaking. At very low energies the supersymmetric
interactions would be invisible because of Adler decoupling.
The intermediate energy phenomenology of this model may be
studied conveniently through tﬁe suitable effective
Lagrangian of the Volkov-Akulov type, even in the absence’of_
the equivalent linear theories.

Our paper is organized as follows. We first review,
discuss, and clarify some known general features of
supersymmetric phenomenological Lagrangians (Section II).
In Section III, we describe how to formally convert a linear
model in which supersymmetry is broken at the tree level to
its equivalent nonlinear Volkov-Akulov Lagrangian, by tuning
out any superfluous fields invelved. We explicitly
illustrate the procedure by a two dimensional (super @3)
scalar multiplet; we wish to stress however that no
essential complications are expected to arise in four
dimensions, save the proliferation of fields and a marked
increase in tedium (as dramatically exemplified in
Ref. [11l], which works ocut the same model in both two "and

four dimensions}. In contrast to the four dimensional
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i,2
case,

two dimensions afford a linear model with a stable
tree-level Nambu-Goldstone solution, which only contains a
real scalar field and a Majorana spinor, and succinctly
displays the features of semiclassical supersymmetry
breaking with a minimum of complication. In principle, the
procedure is valid for an arbitrary number of dimensions and
size of multiplet.

In the next section (IV), we compute a few tree
amplitudes for both the linear and the nonlinear theories to
verify that they coincide, in accord with the
phenomenological Lagrangian equivalence relation:8 the tree
approximation to the S-matrix is identical  for both’
(nonlinearly) equivalent theories. The amplitudes evince
Adler decoupling of the Goldstone particle at low energies,
as dictated by the supercurrent algebra low energy
theorems,3 which do not have to depend directly on  a
particular Lagrangian realization. For the purpose of
illustration, we work out such a simple theorem for
spinor-scalar scattering (analogous to the Adler-Weisberger
relation for 7N scattering) and thereby reproduce the low
energy behavior of the amplitude computed from the
Lagrangian.

In Sect. V we briefly summarize our procedure and
discuss 1its relevance to the breaking of supersymmetry. We
conclude by illustrating how to apply the procedure to

extended supersymmetry and constrained superfields.
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Some conventions, formal manipulations, and technical

details are elaborated in the Appendix.
Throughout the paper we will be using Majorana spinors

for formal convenience, but conversion to Dirac spinors

should present no difficulty: wDirac=(¢Maj+leaj)//§'
Indices are suppressed when obvious.
I1I. GENERAL PROPERTIES OF THE NONLINEAR
SUPERSYMME'I_‘RIC LAGRANGIANS
The Volkov-Akulov nonlinear realization of the

supersymmetry albegra contains one massless spinor la, which
transforms inhomogeneously and nonlinearly under a spinorial

variation of constant parameter €:

632 = £2 - L 3 a2 gy (2.1)

f is a constant of dimension 2 in 4 spacetime dimensions
(and dimension 1 in two dimensions) which parameterizes the
breaking of supersymmetry: <52%> = fe? —-it is analogous
to the pion decay constant f". It can be supressed and then
reinstated, at any subsequent stage of our discussion, by
dimensional analysis.

Of course, X is a linear representation of the unbroken
Poincaré subgroup of the full supersymmetry group. No other
fields are needed8 to make the realization faithful. The
commutator of two infinitesimal wvariations (2.1l) is the
translation dictated by the supersymmetry algebra:

(6',61 22 = 2i E‘Yue aHa2 | (2.2)
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In order to find a supersymmetric Lagrangian for this
fermion, we construct invariants, up to a divergence, under
variations (2.1). Motivated by an underlying superspace

transformation considered below (2.18), it 1is useful to

define the 4x4 matrix:

v y
= §° + T 2.3
i u ' (2.3)
where ¥ 2L X v 3V, (2.4)
H £ H
-1v \Y y K.V
= G - + T +o-- 2-
and W M w T (2.5)

The series 1in T terminates with T4, since A(XA)2=0. The’
determinant of the 4x4 matrix WE transforms as a total

divergence under (2.1).

= Vo ol oY v 3 4
|w| = det W,UE L+ T 43 (T T, - T 1\5 + 0(T”) + 0(T").
(2.6)
To see this, observe that:
v K., W v K
= + .
qu £, d wu CRE Wu (2.7)

where Eo = :% EYKA , (2.8)
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-1lp

TIEN

and therefore §|w| 5wuv=

-1 K., ¥ v
(Wl w "R (g W Ty W 9TE )

85 (g W) . (2.9)

The simplest supersymmetric Lagrangian describes a massless
fermion self-interacting through 4, 6, and 8-Fermi terms:

2 2

= - |lw| = - %— + % XFX +... + 0t 8

. (2.10)

Note the positive vacuum energy f2/2 which also signals
supersymmetry breaking.4 The supercurrent is easily derived

from (2.10) by Noether's procedure:

=1lv

Su =1 F Yvk Wu |lwj = 1 £ yul S (2.11)
and, by 1its definition, it 1is conserved through the
equations of motion:

28 A W (W] o+ A 3 (WM W]y = 0 (2.12)

u v ‘L AV . .

The supercurrent couples the Goldstone spinor to the vacuum

with strength f:z'4

<o|s§|xb> =i f yﬁb : (2.13)

Also, integrating (2.11), one may verify through

anticommutation that the vacuum energy is indeed f2/2, as it
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should4--a fact which could be obscured if the constant term
in the Lagrangian (2.10) were carelessly dropped.
We shall call fields of arbitrary spin not involved in

a Nambu-Goldstone role spectators and denote them

generically by p. (They correspond to ¢ or, in general, to
"radial® degrees of freedom in chiral dynamics.) Their

transformation law is a homogeneous, {A-dependent)
translation by &:
= .1 = H
ép = £ aup EY A . | (2.14)

These transformations also satisfy the algebra (3.2).

Any local function of spectators transforms as a

divergence, provided that it is weighted by Wi

S(F(p) |W|) = a_(EX|W)F(p) + |W| £53_F (o)
K K

3, (ESIW|F(p)) . (2.15)

Derivatives of either X or spectators do not transform
simply. However, the following covariant derivative may be

defined for convenience:

(2.16)

TR RTPRY
UAER

Then it is straightforward to verify that covariant

derivatives of both A and p transform like spectators:
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H =-1lp.v, .k v K -lp_—~lp.x v
§(Vrp) W, 3°(£73 ) + 9 p(873 W "W 3°&7)

K

]

£ 8, (W) (2.17)

Clearly, any Lorentz scalar function of p, Vp, and VA
multiplied by an overall | W | may  enter into a
supersymmetrically invariant nonlinear Lagrangian: its
particular form will depend on the features of the
associated linear model, or on the supercurrent algebra to
be realized.

The reader may have noted the formal analogy of Wuv,
with the Vierbein of General Relativity in the
transformation properties, the covariant derivatives, and
the construction of invariants. This is symptomatic of the

origin of the above construction in a superspace

translations'6 with a local parameter -A(x)/f:
[ — YT
X xu 7 k(x)yue
g = o - 21X (2.18)
The Jacobian of this transformation,

J(x,8, A (x)})=3(x",08")/9(x,9), is an 8x8 matrix which

transforms the covariant vectors:
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3! 3
gb ! "\ . ’ (2.19)
v a' -
? N
252" 33

B . a %]
Wi, ToH _ v'a
s, F A A8 :
b u' _
Iy ar = (2.20)
i , Hy,b b
F Y A) Ga

Its determinant is alsoc directly reduced to the determinant

of a 4x4 matrix, through standard block reduction:

det J = det[dﬁ - % 3, Xy"e  + ii aviy“x}
¥ o i -
= det W (8] - ¥ vKAyue)
= |w| det(GE -3 v‘iyue) . (2.21)

Significantly, to zeroth order in 6, this is just the V.A.
determinant; so that the V.A. Lagrangian (2.10) arises

simply from the following superspace volume component

2 2
—%fd%ﬂ%'@%- ) (2.22)
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Since all expansions terminate after the fourth order
in any spinor, the supertransformation (2.18) may be
inverted completely, iteratively in g and Aix').

Suppressing f:7

= ' Y ' ' B ' y Y ' '
X xu + iA(x )yua + 0 Yuapk(x YA (x )Ype +...
B = A(x') + 0" + L X(x") Y0 +een (2.23)

The Jacobian of this transformation may be obtained
indirectly, but easily, by inverting (2.20), as a function
of the unprimed coordinates. This is the more wuseful form
that we will rely on in the next section.

On the basis of supertranslation (2.18), Ivanov and
Kapustnikov7 noted that any linear superfield ¢(x,86) may be
split into a completely decoupled array 5 of spectator

fields:

F(X,0,M(x)) = ®(x',0') = ®(x-iX (x)y0,0-A(x)) .  (2.24)

Indeed, the entire array transforms as a spectator. This
follows by use of (2.1) and the transformations of the

components of ¢, summarized by a supertranslation of x',9':



-13- FERMILAB-Pub-81/76-THY

58 (x,0,A(x) = O (xy + 1Ty, 8¢ - 16%y,9,0" + e=6X)-0(x},8")
= [i(E—JX)YUB-iEYuA]Bﬁ¢(x',8')+(e—6}3 5%7 d(x',0")
= -§ Eyua(a'“—iauxynea-‘-aﬂa E%T)o(x-,e')
- gua“S(x,e,A(x)) . (2.25)

The components of 5 do not transform into each other: they
comprise the Ffully reduced representation of the Poincaré
subgroup still acting linearly on all fields.8 Consequently,
the supersymmetry of the theory involved will not be
affected if we constrain any components of 5 to be equal to
a constant. In particular, A--which so far has been set
apart frbm the other fields and appears as an extraneous
parameter--can take the place of the spinor field involved
in the breaking of a spinor charge. This possibility proves
useful in the derivation of effective Lagrangians described

presently.

III. TRANSFORMING THE LINEAR LAGRANGIANS
INTO THEIR NONLINEAR EQUIVALENT.

Consider the following toy model in two dimensions,13

involving a real scalar A and a Majorana spinor y:

1 2

5ﬁ:11n = 3 3,80% + 5 Tgy + ATy - L a2, (3.1)

This is invariant under the supersymmetry transformations:
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SA=ey , G¢=[f(l+A2) - igAle (3.2)
where f 1is a constant of dimension 1. The v.e.v. of the
scalar is <A>=0 and hence the spinor 1is massless, in
contrast to the scalar, which has mass m= Y2f. Supersymmetry
is thus broken at the tree level: <dy>=fe, and the vacuum

energy density is 52/2. The supercurrent is:

= (4 2, _ v
Su = [1£(1+A%) BUAY ]Yuw (3.3)

Note that, in contrast tco regular symmetries, a

potential of the form (Az-l)2 would not break supersymmetry,

In our particular model it turns out that supersymmetry breaking is not
invalidated by radiative corrections 14. Even if it were, this would still

not be at issue here. We wish to stress again that our semiclassical

reasoning is illustrative of the situation prevailing in an
arbitrary number of dimensions, including four, whether
supersymmetry is broken or not. (Still, the nonlinear
Lagranians will be useful only when supersymmetry is broken.
We discuss this later).

We proceed to transform this model to an equivalent
effective Lagrangian of the general type outlined in the
previous section. However, since the algebraic aspects of
supersymmetry are significant at this stage, we must restore
{(3.1)-(3.2) to a form in which the transformations (3.2)
close into the sypersymmetry algebra without use of the

spinor equations of motion. We thus regress to the original
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superfield formulation of this theory:

3
r a2 1.2, a3 R |
s=[ a "“Clin = zJa‘x aBas [2 DODO - 2f (3 +¢)] (3.4)

=jd2x[%(3uA)2 + %mgw t > - Ff(l+A2) + mwa]

where ®(x,0) = A +By + 2 GOF (3.5)
5% (x,9) = ¢(xu+iEYu8,9+e) - & (x,9) (3.6)

_ 3 .
and D E oy i ige (3.7)

In component form the supertranslation (3.6) reads:

SA=cy SY=(F-igA)e SF=—iegd} (3.8)
These transformations close into the supersymmet?y
algebra. The "physical®™ formulation (3.1), (3.2) follows by
simply eliminating the scalar auxiliary field F through its

algebraic eguations of motion:
F=f (1+A%) (3.9)

Observe that <F>=f.

Suppressing £, we first evaluate the components of 5 as

defined through (2.24) and (3.5):
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A=A - Xy + ng
V= U — AF + igAA + % FUTA (3.10)
F = F+ilpy - 3%a 32

~ A

It is straightforward to check that (A,V,F) indeed transform
as spectators. The transformation (3.10) may be easily
inverted to yield the following expressions (involving

derivatives of A, in contrast to 3.10):

rojrg

H

b= b+ A - iFAL - DAFKI - iy M (X))

- F o~ iT90 - L Tooke - AR 327 _ 3 YaHn
F= |w|F - iXg0 - 2 Taofy - 32 a%a Xryv,330"A
- TasM%y o - X BaaV (%o
Xa8M%s b - Xy, v,3"28" () (3.11)
where (cf. 2.6):
. AA UV
W] = 1 - iXgn - 52 ¥ 3, Rv50, (3.12)

~ oAe e

Now since the supersymmetry transformations of (A,Y,F)
are not coupled together, any or all of them may be set
equal to a constant consistent with the vacuum values of the

fields on the right hand side of (3.10). If, for instance
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;=$=0,.E=l; the original fields (A,¥y,F) are nontrivially
constrained {(as in the nonlinear g-model) and
egs. {3.11),(3.4) reproduce the expressions of Ref. [ll], the
analogue of nonlinear pion effective Lagrangians.g* If, on
the other hand, we do not wish to constrain away any
original degrees of freedom, we could still set J=0 (only)
without any loss of dynamical information. This is because
the "angular" degree of freedom is already carried by the
Goldstone field X, and a corresponds to the arbitrary origin
in "rotation" space and not to an independent degree of
freedom._ $=0 in (3.10)'provides an equation for A in terms

of (A,V,F):

A= G[\p + % P A wc';pr] (3.13)

where G is defined implicity in terms of (A,V,F):

(F - i JA)G = 1 . (3.14)

As a result, (3.10) and (3.1ll) reduce to the invertible

transformation connecting (A,{,F) with (A,A,F):

*We note in passing that the constraints of Ref. [ll] as
eypressed in Eg. (%9a) obscure the essential irrelevance of
¢"=c to the breaking of supersymmetry. It may, or course,
be imposed in the supersymmetric g-model without
supersymmetry breaking. It is also, for c¢=0, strictly a
conseguence of the following alternative we might propose:
1/2_D¢D¢5¢, which has components A= 1/2 Vv,
F=iydy+F +0A+3A, and (F+idA)¢=y. The second companegt may
be solved for F; the solution F=1-i{gy-1/2993 Vo P+pgPpay
which breaks supersymmetry (<F>=1) is chosen By the third
component, which otherwise doesn't seem to eliminate any
further degrees of~ freedom. These constraints appear
remarkably simpler (A=0,F=1) in the reduced realization.
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A=A-J(G - % GG)

A o= GY + % GAYIEGY

. . 2

F=F -id Ty ey + 3 opuider) - 22 j&ay (3.15)
A=nh+ % *A

v=1FaTn - ipar + R

F=Flu| - 3%a 52 - Ty¥yfo a0 (3.16)

One might, at the expense of tedium, substitute (3.16)
into (3.4), to obtain the nonlinear Lagrangian. We note
however that it is far easier to work with superfields. To
illustrate the essential redundance of G discussed above, we
retain it in the rest of this section and only drop it in
the end; we will exemplify in the next section how its
presence doesn't change the theory.

We first observe that, Erom (2.24),
(x',0')=0(x,0,A(x)), d>x'd%6' = a°xa%0|J(x,8,A(x))|, and D'
is expressible in terms of the unprimed c¢oordinates, given
J-l(x,e,k(x)). As a result, (3.4) with 1its integration
variables primed 1is directly recast into the nonlinear
Lagrangian with unprimed wvariables. Specifically, the

inverse of (2.20) is just:
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% Ty P
2 X
Vi phcu
-la'k _
I e T (3.17)
s a . K ga@_: . Vy,an T p
i 1(ka) Vp SC iy 'X) apxcvv—
. H o [ KK
where: (8" + d: i XyFe)v K=¢§ (3.18)
so that the "supervierbein®” VuKis easily solved to be
X -1K S | - p 2
= + .
v he TN fp v, XvP8 + 0(8%) . (3.19)
In conseguence,
c= 2 iyMe-nar = (1 - ivMes X)) L - iyMeySe
D 5 iy ( l)au (1 = iy" 83 AW) 33 LA
(3.20)
We further observe that
v _ _ iE® K 2
Yo, =V, - 1By, VA" + 0(e9) (3.21)
- 69 uv, =
and  |J| = W1 + iBy-Vr - 3= €¥ v AYST AL . (3.22)

The superfield integrands are
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ol
ol
%
L)
)
I

g

LT Voo =7 =
- iy BVH(S“A + Bvlw) + YoF

80 .= H,q = - ~2 = =7 2
+ 5 [lwy (Vuw + VHAF) + F® + (VuA + Vukw) } (3.23)
5 ~ RS et .2, 88 (D . T2 m~
-2 (5 + ) = 2|a + 2+ Bpaa®) + 2 (Fasad)-T0a) . (3.2

Inserting the above into (3.4) with primed dummy
integration wvariables, <changing variables from primed to
unprimed, integrating out 8,8, and eliminating E through its
equations of motion, which are again E=(l+£2), we are led to

the following V.A., Lagrangian:

~

~2 2 A2 uvg =
(L+a%) “+ (A + )e v Ry A

Mo

= (g2 1y avka -
] -_fd x]wl[z V,AVTA 3

~

+ 3 VYTV £ AR + 3 (VX0 % 4 v ariTy

=

= ~2 uv= ~ W _wvg 3
+ iPyeva(1ea?) + My v ava + 3 e Vu"stv"]'

(3.25)

We may now set $=0 and retain only the first 1line of
this nonlinear Lagrangian, which has the general form
restricted in the previous section, ;nd is thus manifestly
supersymetric. Naturally, if we set A=0 instead, we

reproduce {(3.1).
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-IV. TREE AMPLITUDES AND LOW ENERGY BEHAVIOR

The nonlinear Lagrangian derived in the previous

saction:

~ ~ -~ ~3
_ 1 uy 1 .2 2,2 1 A UV, =
i’nonlin = IWI[2 VuAV A~z £7(1+A%)° + 2 (A + 5 e vuxysv\)x}
=iiax+ia£a“i-f2£2-f2+3e“"ax 3 A +
2z 2 °n 2 f utY¥s5%y
T2+ AN UV. T i e T= V.U
+ 1ATAAA + 252 € auxysavx + Eﬁ 3uA3vAAY 3"k +...

(4.1)
is equivalent to the 1linear one (3.1) via the nonlinear
redefinitions (3.15), (3.16)- and could thus be transformed
back to it. After the F's are eliminated, the
transformations start with a linear term (A=¢+...,£=A+...).
As a result, the loop expansion parametric weight of the
fields contributing to a tree amplitude is the same for both
linear and nonlinear models.8 Hence the S-matrix amplitudes
(i.e. on-shell) for the two theories coincide at the tree
level--"the phenomenological approximation".9 This is easily
seen in a few simple amplitudes; (¥,A) and (k,i) serve as
equally valid interpolating fields for the massless fermion
and the massive scalar (m=/2f).

The tree approximation to the decay of a scalar to the
fermions (in 1its rest frame the fermion momenta are
tn/2=*£//2) is the same for the 1linear and the nonlinear

models respectively:
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<1 (P £, (<p) | [a%xET () W (x) A(x) [S(0) > =

= <0 £ (G(-plu(p) - G(p)u(-p) 0> = if (4.2)
2 TRY _ -
<f;(P)E, (-p} | fa“x ;a_f__, 3ux~(53vm|5(0)> =
2
= <0| %EL (u(-p)u(p) - u(plu(-p))|0> = if (4.3)

Conventions and normalizations may be found in the Appendix.
In fact, the same amplitude is also cbtainable from (3.25),
i.e. even before the elimination of @. In that case, &-A
would have no kinetic term, while y+A would, and therefore
the latter combination would be the interpolating field for

the massless fermion. This leads to an amplitude:

2 ~ T~ e AY) - —~
<£, (p) £, (~P) | fa x[fmpxp + auxysavm +
U= . UV, = Y.z .
+(a At+e kay5) : BuA:I|S(0)> = if (4.4)

precisely as before.*

*If the term 2¢ in the potential of (3.4) were absent,
supersymmetry would break neither in the linear, nor in the
nonlinear model, as evidenced in the vacuum energies.
Moreover {(3.15)-{3.16) would not, in this case, relate the
fields through a linear term plus multilinear corrections,
and the free amplitudes of the two models would not
coincide. Por instance, the nonlinear model would clearly
not have a scalar-bispinor coupling, in contrast to the
linear one, and thus the effective Lagrangian would not be
"phenomenological®™ in the above sense.
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A_more intricate "conspiracy" of diagrams 1is observed
in the identical tree amplitudes for fermion-fermion
scattering. For example, in the center of momentum frame
(all fermions carry energy p), the forward amplitude {(in two
dimensions the o©nly alternative to this is backward
scattering) 1is given by boson exchange in the linear model
{Fig. 1); and by both boson exchange (Fig. 1) and four-Fermi
contact interactions (Fig. 2) 1in the nonlinear one. The

linear model leads to the tree amplitude:

of 1 1 _ ap®/m?
Els—3 -7 —3)° 3,14 (4.3)
m--4p m-+4p l1-16p " /m

The boson exchange diagrams for the nonlinear model give

6, 6
'li - ap 21 3 - 21 3]~ 2 ém ; (4.6)
£ m°-4p m“+4p 1-16p " /m

The contact coupling contribution (Figqg. 2)‘is

1

2
4F
Thus the overall tree amplitude (4.6) + (4.7) for the

2

4 = 4p%/m? (4.7)

‘2P
nonlinear theory is

4p2/m2
1-16p%/m? (4-9)
identical to {4.5). Technical details are provided in the
Appendix. The amplitudes vanish for p+*0. Similar results

hold for backward scattering.
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As a last example, we compute the fermion-scalar
scattering amplitude. In the linear theory only the tree
diagrams of Fig. 3 a,b contribute, while in the nonlinear
model there 1is an additional contribution from a contact
term (Fig. 3c). Consider forward scattering in the boson
rest frame (fermion momentum/energy w). The tree amplitude

for the linear model is:

2 1 1 4y
2£7m (m(m+2w) - m(m—2w)> N 1—4w2/m2 (4.9)

The amplitude for the nonlinear model is:

3.2

2
1 1 m-w -4
L ( - ) -2 = (4.10)
fz m{m+2w) m{m-2w) f2 1—4w2/m2

The amplitudes coincide and vanish as w+0 (Adler decoupling;
observe that in Lagrangian (4.1) the interacticons of A are
all given by derivative couplings). The amplitude for
backward scattering is identically zero.

The low energy behavior of amplitudes like the above
may alternatively be determined without reference to a
particular Lagrangian, through current algebra techniques.
As an example, we turn to the soft spinor theorems of the
Adler-~Weisberger typez’3 relevant to the above process (in
analogy to 17-N scattering of chiral dynamics). The matrix
element for two supercurrents interacting with a scalar

state is (Fig. 4)
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ab _ (42 ig-*x a =b
Miy = lgd xe <Af|T(Su(x) sv(oﬂ|Ai> (4.11)

The following Ward identity follows immediately:

at'M

2. 1g+*x a =b
"y -Jd“xe E! (?AE|T(a-s (x)5,(0)) |a;> +

+ a(x°)<Af|{s§(x),§3(0)}[Ai>)

£
-2Yu<Af|BuABUA-guv(—£§~—~ - 3 (1+A)

3 A3®a 2 2 2
|a;>

H

*27“<Af|9uv(0)|Ai> (4.12)

where we have used the conservation law for supercurrents
and their equal-time anticommutation relations, e.g. as

defined in (3.3):

_ 3 a3®a 2
G(XO){SO(x),Sv(O)}=262(x)yu avAauA-guv(—Ei——~ - %—(1+A2)2)

+62(x)2feuv753“(A+%i) + 0(p?) (4.13)
plus, conceivably, irrelevant Schwinger terms. The term in
the bracket is the bosonic contribution to the
energy-momentum tensor euu' in accordance with the charge
algebra, which 1is of course the integrated version of
(4.13). The next term (curl) 1is a trivially conserved,

chargeless "improvement," characteristic of +the current
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supermultiplet under consideration,lS and vanishes in the

matrix element (4.12).
The amputated amplitude we are interested 1in 1is the

matrix element (between on shell fermion states) of the

2,3

residue M(o) at the Goldstone poles in the Green's

functicen M :
TRY)

ab _ _2 1l .,(00) 1 ab ,
M = £ [Yu‘g’M ,k’Yv] + (less singular terms as g, 1+0)
(4.14)

(0)

Hence the low energy limit of M may be read off from the

low energy limit of Muv:
1

I gH Voo
f2 g Muvl M

0) a5 q,2+0 . (4.15)

(0)

The matrix element of M for forward scattering

(g=l=(w,w), pi=pf=(m,0)) is obtained from (4.12):

K 2
£ 2 2
- (g+2) _ (pr - ) -
u(q)Yuu(R) Py, <Af| PPy + Iy 5 + (1+A ) |Ai> =
= :img:ﬂ = —40 (4.16)
m

which is checked to be the low energy limit of (4.9)-(4.10),
and displays decoupling as w+0. We refer the reader to
Refs. [2,3] for more details.

A given current algebra determines a particular
effective Lagrangian which incorporates the 1low energy

theorems derivable from it. The systematic approach



-27- FERMILAB-Pub-81/76-THY

involved in this problem outranges our present scope: we
do not attempt to provide a strict proof for the

universality of the Volkov-Akulov Lagrangian.
V. GENERALIZATION AND DISCUSSION

The general principle for connecting linear and
phenomenological Lagrangians is evident from
Section III: First, the linear theory 1is expressed in
superfield form. The argument of the superfields ® is then
shifted by -A(x}/f in superspace, thereby producing the
fully reduced arrays 5. A number of spectator fermions
involved in supersymmetry breaking may be eliminated 1in
favor of an equal number of ancillary Volkov-Akulov fermions
A. This results in no loss of information and significantly
simplifies the subsequent conversion of the theory to its
nonlinear correspondent. If desirable, the nonlinear theory
may be linearized back to the original form, provided no
actual degrees of freedom have been relinguished.

The effective Lagrangians described are wuseful mostly
in the context of broken supersymmetry, since only then can
the V.A. fields A be interpreted as the massless fermions
of the theory: without a constant term multiplying the V.A.
determinant, there can be no net kinetic term for A in the
phenomenclogical Lagrangian. Useful or not however, they

constitute mere formal relabelings of the original linear

theories and do not display new symmetry properties. If

supersymmetry is broken, the effective Lagrangian language
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sets tﬁe Goldstone ("angular") degrees of freedom apart from
the others and makes the structure of some low energy
effects more transparent.

We could further illustrate our procedure through more
extensive examples (gauge multiplets,13 higher dimensional
theories, etc.) were it not for the proliferation of
multiplets regquired for spontaneous supersymmetry breaking
at the tree level.1 The effective Larangians discussed
should also, in principle, lend themselves to the study of
dynamical supersymmetry breaking as well,4 but we will not
discuss the problem here, in the absence of simple
paradigms, e.g. comparable to that of Section III.

For the rest of the paper we confine ocurselves to
detailing the extension of our algorithm to extended
supersymmetry and constrained superfields, which are most
common in usual applications. 1In full analogy to (2.1l), the

12

following realization may be written for the algebra of N

spinorial charges:

sxl = fed - 2 auxj Ekyuxk ,

(5.1)
jrk=1,...,N. Summation over repeated indices is implied.
The central charge is not represented even though there is a
dimensional parameter £ available. Observe that each spinor
A transforms nonlinearly with respect to the parameter ed

corresponding to the associated generator broken, but, in

addition, it transforms as a bonafide spectator with respect
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to all remaining parameters.

The discussion of Sect. II readily carries through upon

redefinition of the O(N) singlet matrix:
= _ 1 53, av,]
T "= Ej A yua A . (5.2}

Note that, because now there are more spinors involved,

several expansions, like that of |J| or W;lv, but not of
|W|, will terminate at generally higher orders in the A's
and 0's. |W| is obtainable from the Jacobian of the

N-superspace translation:

{(5.3)

The pure V.A. Lagrangian is at least O{(N) symmetric.
Spectators are accommodated in the usual manner.
We proceed to illustrate the reduction procedure

through the two-~dimensional, N=2 scalar multiplet13 (which

16

is also obtainable through dimensional reduction of the

N=1, 4-dimensional scalar multiplet). We

rename: el,el,ll 2

8,5, and 8°,6%,3%+8,¢e,), to distinguish
their group indices from those of the matter fields
Am,¢m,Fm, where m=1,2. The matter fields rotate into each
other through the O0(2) transformation AMspgM=z MO0 {note
A=-1). Suppressing these 0(2) indices as well as £ in what

follows, we may write the relevant N=2 superfield:13
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_ — -A l — ol .= Fal
¢ =A+ By +Bb+3 (ée—QQ)F + BOF + 1579

+
r| -
e

[sv]]

[=]
> <D}

(§e+§g)(§z¢ + §yw) + 83°A . (5.4)
The components of the superfield variation §¢ entailed
by a superspace transformation 6x”=i(§yue+§yug), §6=e,8¢=¢,

are:

SA = ey + §$
§¢ = ~igAe + igAe + Fe + Fe
§F = -iegy + i§3¢ . (5.5)

Note that two copies of the N=1 model of Section III are
recoverable upon suppression of € and 8, or i and 9. The
higher components of the superfield (5.4) are related to the

lower ones through the supersymmetric constraint:

D¢ + D¢ =0 . (5.6)
~

As outlined in Section II, the standard reduced array ¢

is readily cobtained by a A{x)-dependent supertranslation of

$.

$ = ¢(x-iXye-i§yg,e-A(x),g—i(x)) . (5.7)
The spectator transformation law (2.25) fcllows

i i ith =—1i(ey. A+ey A).
mutatis mutandis, wit Eu 1(€Yu AYUA)
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Aé in the constrained N=1 superfield
[(Pp/2+B8¢+80(1-iPpY+...) /2] of Ref. [11], the constraint
(5.6) may be enforced before or after the above reduction.
The latter case may be technically preferable, since then
the constraint pertains only to the higher components of the

reduced array ¢ (cf. footnote p. 1T). The essential

components are thus only the lower ones:

- = T - - A
A=A- Xy - XY+ IXgAL + (Ix-§§)F + AF

b

(KAXN) (Rpy+Tad) +

8| -
T
>l
-
P9 |
>
[a k)
b

—~ _ . _ . oS _ _ A l_. 2A _ 1
v = P + iFAX lei AF - AF + 3 (ixxa A AE%B A)

. . . 2
i TA+X L (AR FO-voaTaly) - &Y
+ 35 Hw(kl+ﬁ§) + 1RV eria V) 3 XA}}
F o= F -i%3FA + TA3%A - L (XA=-TM)282a + i (Xpy-igd)
M~ M 2 An A
+ 3 (XA+XA) (R329-%a2y) . (5.8)
AR I3

Following the reasoning of Section III, ¢ may be set
equal to =zero, without any restriction of the dynamics.
This, in turn, determines A and A in terms of (A,Y,F), for

A
F*F#0:
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A=F ¢+ (FeR) L ...

A=F oy (Fom) L o4, (5.9)

The dot product dené:es contraction of the matter field
group indices.,

Expansion around a perturbative supersymmetry Dbreaking
vacuum value <F>#0 enables the nonlinear redefinitions (5.9)
to start with a tern linear in the original fields, as was
the case 1in Section III. In order to actualize this
situation through a tree potential, the introduction of more
multiplets might be necessary,l which is of course covergd
by the above discussion, but would involve longer
manipulations.

Construction of such potentials is part of a technology
which is outside the scope of this investigation.
Nonetheless, the present work demonstrates that, given a
satisfactory linear model, there are no conceptual
difficulties involved in its conversion to the equivalent

Volkov=Akulov form.
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APPENDIX: Conventions and Technical Definitions.

We employ Majorana spinors: ¢=C$T. Their bilinears
have particularly convenient £flip properties. In two

dimensions:

A T A A At A A P R A AR R D

The Fierz transposition is simply:

pr 1 nh ", L

VOt = - 5 T YT vgh + Y 0T M)
(e.g. check YPP=0, etc... for any trilinear of the same
spinor). ’

In two dimensions, the gamma matrices satisfy:
Yu7v=guvl+suv75 where our metric is timelike (goo=l), and

€01=l. In the Majorana representation, YO and Yl are

2, Yl=iol, c=-v%, v’=y%!=¢? (so y’v’=1). The

imaginary: Y0=U
Majorana spinors are then real: =—Y0$T=¢*; The Grassmann
parameters in superspace are also Majorana spinors.

A supertranslation in superspace is xu+xu+iEYu8, B+0+e.
The generator for it is Q=3/36+i78, and {Q,Q}=-2i7. The
corresponding supercovariant derivative is D=3/36~-140, and

it anticommutes with Q.

Grassmann integration is equivalent to differentiation:

jﬁea = 0,.Id§a oP = 530 - B __ 4P
2ed

Upon contraction of spinor indices, this normalizes the
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Grassmann measure:

2 _.
j'gfg 5o = _[dé . g9 228 -

The equal time anticommutation for Majorana spinors is:

fwexhy, wiyh ) = sxt-yh
In two dimensions, the plane wave expansion for these real,

two component spinors is:

*% ip*x

1 (7 1 1, -ip +,.1 1
P(x) = — dp [a(p)e +a'(pe lu{p™)
=)

6 (ol

+ 1. (e

where {a(p).aT(k)}=68(p-k} and u(p-)= 1 |+ whence:
8(-p7)

aehaeh =0 G(-phiu(ph) = i(1-28(-ph)

|
o

Gph) ygu(ph) G(-phyy quph) = i

aphyMueh) =1+ 2 g*tec-ph)  G-phivueh =0 .
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Boson exhange in fermion-fermion scattering for
the 1linear and nonlinear cases. The t-channel

(a} is =zero in both cases. The s-(b) and

u-channels (c) are nonzero and interfere with.a

minus sign due to fermi statistics.

Four—-fermi contact interaction diagrams for the
nonlinesar case (4.1). The dot or heavy line
denotes contraction of the derivative couplings
on the adjacent lines. All four diagrams have
equal magnitudes and interfere constructively.
The two omitted diagrams that would have a dot
in the reraining positions vanish by

antisynmetry.
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Fig. 3 Forward fermion—-scalar tree amplitudes. Only

(2a) and (b) contribute in the linear theory,

whereas all three do in the nonlinear one.

less singular terms
as q, —0O

<
I

Fig. 4 Matrix element for a scalar state interacting

with two supercurrents.



